INTRODUCTION
Many aspects of acoustic wave propagation in ducts carrying a mean flow have been studied over the past 20 years. One reason for the prolonged interest in such problems is that flow ducts represent the quintessential element in processing systems, aircraft engines, and combustion systems. In general, the duct may have a cross section that varies along its axis as well as spatial variations in the mean velocity distribution. Hence, the problem precludes exact analytical solution. As a result, a number of investigators •-6 have resorted to approximate analytical techniques as well as numerical methods to determine the problem solution. However, two issues have not been resolved satisfactorily. The first deals with the refractive effect of a thin mean-flow boundary layer in cases where the acoustic wavenumber is not a constant as a function of the axial position. The second is the effect of a higher-order turning point resulting from changes in the acoustic wavelength as the pressure disturbance propagates along the duct.
The wave-envelope method (WEM) has recently been used to solve similar duct acoustics problems.
•'2 However, WEM is essentially a lowest-order implementation of WKB theory. Hence, it yields solutions that are valid only outside the vicinity of turning points. As the axial wavenumber goes through zero, it is well known that a higher-order approximation is necessary if a uniformly valid solution for the pressure is to be obtained.
In this article we demonstrate that direct use of a regular perturbation sequence for the axial variation of pressure is free of such serious drawbacks. The turning-point features are fully contained in the zeroth-order problem. As a result, the perturbation series is automatically uniformly valid in the axial direction.
The specific problem addressed in this article is acoustic wave propagation in a waveguide carrying a mean flow. We will obtain an approximate solution for the pressure field using a regular perturbation sequence in e. Sheafing of the mean flow is taken to be confined to a thin layer of O(A), where A ,•Ro, the typical wall radius. As a result of the rapid radial variation of the mean-flow velocity in the vicinity of the walls, the radial variation of the pressure will be analyzed using the method of matched asymptotic expansions.
The enclosed fluid is assumed to be inviscid, isentropic and to respond linearly to harmonic excitation. In our analysis, we examine wave propagation in waveguides of circular cross section that have a radius that varies as a function of the horizontal position X (see Fig. 1. ) . The degree of variation in duct geometry is measured by a small parameter e, where e is the ratio of the two length scales Ro and Lo. Here, Ro is a measure of the typical duct radius and Lo represents the typical wall wavelength. Throughout our analysis we will assume that the wall slope is O(e): o (ro o ) _ dX Section I will be devoted to the nondimensionalization of the linear inviscid equations of motion. The pressure and particle velocities will be expressed in terms of a truncated asymptotic sequence in e. In Secs. II and III we will present the solution for the coefficients of this asymptotic sequence.
It will be shown that a closed-form approximate solution for the pressure can be obtained if the waveguide geometry takes the form of a circular cosh duct. An analysis of the pressure in the region of the mean-flow boundary layer is also given. The mean-flow boundary layer is shown to give rise to a modulation of the acoustic pressure amplitude. Section IV will be devoted to a discussion of the results of our analysis. 
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I. NONDIMENSIONALIZATION OF THE EQUATIONS OF MOTION
In this section we will present the equations governing inviscid linear wave propagation in a waveguide carrying an incompressible mean flow. We will also present a scheme for nondimensionalizing the equations of motion. The resulting nondimensional equations will govern acoustic wave propagation in the duct.
The oscillatory particle velocities U*, V*, W* and the pressure P * in the duct satisfy the following equations: where P * is the oscillatory pressure, Po is the rest density of the fluid, Co is the speed of sound, and U *, V* and W * represent the oscillatory particle velocities in the X, R, and 0 directions, respectively. Consider a rigid-walled waveguide of circular cross section with the radius varying slowly along the x axis (Fig. 1 ) . 
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for the complex amplitudes, and the steady continuity equation becomes
•X! + (l/r) (•)r •-O.
We point out that the influence of the mean vertical velocity
• on the acoustic wave is measured by the parameter e, which is the wall slope. The wall boundary condition is
/9(Xl,X,•) •_ •.•t (X1)U(Xi,X,•)
at r = ?(Xl). We will express the complex amplitudes p, u, v, and to in terms of an asymptotic sequence in integer powers ofe. Successive approximations for the pressure and particle velocity can be determined by evaluating higher-order coefficients of this sequence: ' 
The boundary condition at this order is Vo = 0 at r = •(Xl). A. Outer solution
In the limit of 6 approaching zero the contribution of the term (•rVOx) in Eq. (8) 
R = F(b)F(a)F(c -a --b) ei2k-t• ' F(a + b--c)F(c--a)F(cb) T= F(b)F(a)
•,-e" -.
F(c)F(c-a--b)
Here, R and T represent the complex reflection and transmission coefficients, respectively. As mentioned earlier, we As 6 approaches zero the outer limit ofp* must be equal to the inner limit ofpo. The pressure in the inner region must also satisfy the aforementioned boundary condition. Therefore, the zeroth-order approximation for the local pressure is pO. = Po (x,•).
This, of course, is just a statement of continuity in pressure.
For the boundary condition to be satisfied, the zeroth-order approximation to the eigenvalue is Yl.• = Yol,• + 0(6),
where Yol.
• is identically equal to the eigenvalue evaluated in 
+0(62).
It is important to note that
